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FREE FIELDS IN SKEW FIELDS
VITOR O. FERREIRA AND E´RICA Z. FORNAROLI
Abstract. Building on the work of K. Chiba (J. Algebra 263 (2003), 75–
87), we present sufficient conditions for the completion of a division ring with
respect to the metric defined by a discrete valuation function to contain a free
field, i.e. the universal field of fractions of a free associative algebra. Several
applications to division rings generated by torsion-free nilpotent groups, skew
Laurent series and related division rings are discussed.
Introduction
In this paper we present a slight improvement on a theorem of K. Chiba [1] on
the existence of free fields in division rings which are complete with respect to a
valuation function. We then move on to discuss large classes of examples of division
rings that do and do not contain free fields.
In what follows the terms “division ring” and “skew field” will be used inter-
changeably. Occasionally, we shall omit the adjective “skew”. A skew field which
is commutative will always be called a “commutative field”.
Let us recall from [4, Chapter 7] that given a ring R, by an R-ring one under-
stands a ring L with a homomorphism R → L. For fixed R, the R-rings form a
category in which the maps are the ring-homomorphisms L → L′ such that the
triangle below is commutative.
R
 



  @
@@
@@
@@
L // L′
An R-ring which is a skew field is called an R-field. An R-field K is called an epic
R-field if K is generated as field by the image of R. If K is an epic R-field for which
the map R→ K is injective, K is called a field of fractions of R.
By a local homomorphism between R-fields K, L one understands an R-ring
homomorphism α : K0 → L from a subring K0 of K containing the image of R into
L such that K0 \ kerα ⊆ U(K0), where U(K0) denotes group of units of K0. A
specialization from K to L is an equivalence class of local homomorphisms from
K into L, where two local homomorphisms α and β with domains K0 and K1,
respectively, are equivalent if there exists a subring K2 containing the image of R
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such that K2 ⊆ K0 ∩K1, α(x) = β(x), for all x ∈ K2, and α|K2 = β|K2 : K2 → L
is a local homomorphism.
A universal R-field is an epic R-field U such that for any epic R-field K there
exists a unique specialization from U to K. Such a universal R-field, if it exists,
is unique up to isomorphism. If R has a universal R-field U then R has a field
of fractions if and only if U is its field of fractions. In that case U is called the
universal field of fractions of R.
Given a skew field D, a subfield K of D and a set X , we define the free DK-ring
on X to be the ring DK〈X〉 generated by X over D satisfying the relations ax = xa
for all a ∈ K and x ∈ X . It is well known that DK〈X〉 is a fir and, thus, has a
universal field of fractions DK(〈X〉), called the free DK-field on X . (We refer to [4]
for the theory of firs and their universal fields of fractions.) The free DD-ring on X
will be called the free D-ring on X and will be denoted by D〈X〉. Its universal field
of fractions, the free D-field, will be denoted by D(〈X〉). (When D is commutative,
the free D-ring on X is just the free D-algebra on X .) When we refer to a free
field, we shall mean a DK-free field on some nonempty set X for some skew field
D and subfield K.
We shall be looking at valuation functions on skew fields. We follow the notation
and definitions of [1]. Let R be a ring and let G be a (not necessarily abelian)
ordered group with operation denoted additively. By a valuation on R with values
in G one understands a map ν : R→ G ∪ {∞} satisfying
(i) ν(xy) = ν(x) + ν(y), for all x, y ∈ R,
(ii) ν(x + y) ≥ min{ν(x), ν(y)}, for all x, y ∈ R,
(iii) ν(1) = 0 and ν(0) =∞,
where it is understood that a < ∞ and a +∞ = ∞ + a = ∞ +∞ = ∞, for all
a ∈ G. A valuation ν on R will be called proper if the ideal ν−1(∞) is trivial; for
example, on a field every valuation is proper. All valuations considered in this work
will be proper.
Let D be a skew field with a valuation ν : D → G ∪ {∞} and let D× denote
the set of all nonzero elements of D. Then ν(D×) is a subgroup of G called the
value group of ν. If the ordered group ν(D×) is isomorphic to the additive group
of integers, then ν is called discrete. When ν(D×) is a ordered subgroup of the
additive group of real numbers, for instance, when ν is discrete, we can define a
metric d on D by choosing a real constant c ∈ (0, 1) and letting
d(x, y) = cν(x−y), for all x, y ∈ D.
The topology so defined on D is independent of the choice of the constant c and
the completion D̂ of the metric space D is again a skew field with a valuation νˆ
such that D̂ and νˆ are extensions of D and ν, respectively. We shall refer to D̂
as the completion of D with respect to the metric induced by ν or simply as the
completion of D with respect to the valuation ν.
An example is the following. Let R be a ring with a central regular element
t such that
⋂
tnR = 0 and R/tR is a domain. If we define, for each x ∈ R,
ν(x) = sup{n : x ∈ tnR} then ν is a valuation on R, called the t-adic valuation.
In particular, if R is a domain and if R[z] is the polynomial ring over R on the
indeterminate z, R[z] has a z-adic valuation. If, moreover, R is a division ring, then
R[z] is an Ore domain with field of fractions R(z), the field of rational functions on
z. The z-adic valuation on R[z] extends to a discrete valuation ν on R(z) and the
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completion of R(z) with respect to ν is just the field of Laurent series R((z)). We
shall consider more general situations of this instance.
Section 1 of the present article is devoted to showing that Chiba’s result on
the existence of free fields in completions of valued division rings which are infinite
dimensional over their centres holds for arbitrary division rings with infinite centres.
Subsequently, we propose a method for guaranteeing the existence of free fields in
division rings which have a specialization into division rings with free fields.
Section 2 elaborates on a commentary of A. Lichtman on division rings which
do not contain free fields, although their are known to contain free algebras.
The main results of the paper are in the last three sections. Section 3 treats
the case of division rings of skew Malcev-Neumman series defined on a torsion-free
nilpotent groupG over a division ringK. They are shown to contain the completion
of the division ring of fractions of the group ring of G over K with respect to a very
natural valuation. Free fields are shown to exist in both large division rings.
In Section 4 we look into division rings of skew Laurent series over a division ring.
Being complete with respect to natural valuations (either “t-adic” or “at infinity”,
depending on the presence of derivations), they are subjected to the criteria of
Section 1. Special instances considered are appropriate completions of the Weyl
field and of the division ring generated by 2× 2 quantum matrices.
Finally, in Section 5, more general t-adic valuations are considered. In particular,
we obtain a completion of the field of fractions of the universal enveloping algebra
of an arbitrary Lie algebra in characteristic zero containing a free field.
1. Free fields in valued division rings
The proof of the following result can be extracted from the proof of [1, Theo-
rem 1].
Theorem 1.1. Let D be a skew field with infinite centre and let K be a subfield of
D which is its own bicentralizer and whose centralizer K ′ in D is such that the left
K-space KcK ′ is infinite-dimensional, for all c ∈ D×. Suppose that ν is a discrete
valuation on D such that there exists a nonzero element t of K ′ with ν(t) > 0.
Then for every countable set Σ of full matrices over the free DK-ring DK〈X〉 there
exists a Σ-inverting homomorphism from DK〈X〉 into the completion D̂ of D with
respect to the valuation ν. 
(In particular, it follows that when D and X are countable and Σ is the set of all
full matrices over DK〈X〉 the completion D̂ contains the free field DK(〈X〉). That
is the statement of [1, Theorem 1(1)].)
The following consequence of Theorem 1.1 should be compared with [1, Corol-
lary 1(1)].
Theorem 1.2. Let D be a skew field with infinite centre C such that the dimension
of D over C is infinite. If there exists a discrete valuation ν on D then the com-
pletion D̂ of D with respect to the metric induced by ν contains a free field C(〈X〉)
on a countable set X.
Proof. Let X be a countable set and let F be a countable subfield of C. Let Σ
denote the set of all full matrices over F〈X〉. Since both F and X are countable, Σ
is countable. Moreover, Σ is a set of full matrices over DC〈X〉 because the natural
inclusion F〈X〉 →֒ DC〈X〉 is an honest map, by [5, Theorem 6.4.6]. It follows from
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Theorem 1.1 that there exists a Σ-inverting homomorphism DC〈X〉 → D̂ and,
therefore, the composed map
F〈X〉 →֒ DC〈X〉 −→ D̂
is a Σ-inverting F -ring homomorphism which extends to an F -ring homomorphism
F(〈X〉) → D̂. Thus X freely generates a free subfield of D̂ over F . Since F is a
central subfield of D, X freely generates a free subfield of D̂ over the prime field of
D and, a fortiori, over C, by [1, Lemma 9]. 
This provides a more direct proof the following version of [1, Corollary 1(2)].
Corollary 1.3. Let D be a skew field with centre C such that the dimension of
D over C is infinite. Then the skew field of Laurent series D((z)) in z over D
contains a free field C(〈X〉) on a countable set X.
Proof. Let ω denote the valuation on D(z) which extends the z-adic valuation on
D[z]. Since there is a natural embedding D⊗CC(z) →֒ D(z), it follows that [D(z) :
C(z)] ≥ [D⊗C C(z) : C(z)] = [D : C] and, hence, D(z) is infinite dimensional over
C(z), which is its (infinite) centre, by [5, Proposition 2.1.5]. So Theorem 1.2 applies
and, therefore, D((z)) contains a free field C(z)(〈X〉) on a countable set X . Finally,
by [5, Proposition 5.4.4], D((z)) contains a free field C(〈X〉). 
We finish this section by remarking that free fields can be “pulled back” through
specializations.
Theorem 1.4. Let D be a skew field with a subfield K and let E be a D-field such
that E contains a free field DK(〈X〉). Let F be a D-field and suppose that there
exists a specialization from F to E satisfying the following condition on a local
homomorphism α representing it,
α−1(x) ∩ CF (K) 6= ∅, for every x ∈ X,
where CF (K) denotes the centralizer of K in F . Then F contains a free field
DK(〈X〉).
The theorem above will be obtained as a consequence of the following more
general result.
Proposition 1.5. Let R be a ring with a universal field of fractions U . Let F and E
be R-fields and suppose that U is an R-subfield of E. If there exists a specialization
from F to E then U is isomorphic to an R-subfield of F .
Proof. The canonical maps R→ F and R→ E are injective, because E contains U ,
a field of fractions of R, and there exists an R-homomorphism α : F0 → E, where
F0 is an R-subring of F . In fact, there exists such an α with the property that
any element not in kerα is invertible in F0. Now, imα ∼= F0/ kerα is an R-subfield
of E and, since U is generated as a field by R, we have U ⊆ imα. Let L be the
subfield of F generated by R and set L0 = L∩F0. Clearly, α(L0) ⊆ U . So we have
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an R-map β : L0 → U given by the restriction of α to L0.
F0
α // imα
  // E
L0
?
OO
β // U
?
OO
R
0 P
``AAAAAAA . 
=={{{{{{{{
By definition of β, any element of L0 not in the kernel of β is invertible in L0.
Therefore, there exists a specialization from the R-field L to U . Since U is a
universal R-field, there exists a specialization from U to L and, hence, U ∼= L ⊆ F ,
by [5, Theorem 7.2.4]. 
Proof of Theorem 1.4. Let F0 denote the domain of α. For each x ∈ X fix yx ∈
α−1(x) ∩ CF (K). Let ϕ : DK〈X〉 → F be the unique D-ring homomorphism such
that ϕ(x) = yx. Then F is a DK〈X〉-field. Since DK(〈X〉) is the universal field of
fractions of DK〈X〉, it follows from the previous proposition that F ⊇ DK(〈X〉).

2. Some skew fields that do not contain free fields
In this section we shall present a theorem giving a necessary condition for a
division ring to contain a free field. This will then be used in order to produce
examples of division rings which, although containing free algebras, do not contain
free fields.
Throughout this section, k will denote a commutative field.
Let A be a k-algebra. Denote by Aop the opposite algebra of A. Regard the
(A,A)-bimodule A as a left module over the enveloping algebra A ⊗k A
op in the
usual way, that is, via a ⊗ b · x = axb, for all a, b, x ∈ A. We recall that the
multiplication map
µ : A⊗k Aop −→ A
a⊗ b 7−→ ab
is a surjective homomorphism of left A⊗k Aop-modules and that kerµ is generated
as a left A-module by the set {a⊗ 1− 1⊗ a : a ∈ A}.
Lemma 2.1. Let D be a skew field which is a k-algebra. If D ⊗k Dop is a left
noetherian algebra, then D does not contain an infinite strictly ascending chain of
subfields D1 $ D2 $ D3 $ . . . which are k-subalgebras.
Proof. Suppose that D contains an infinite strictly ascending chain of subfields
D1 $ D2 $ D3 $ . . .
which are k-subalgebras. We start by fixing some notation. Let R = D ⊗k Dop;
for each n ≥ 1, let Rn = Dn ⊗k Dopn , let µn : Rn → Dn denote the multiplication
map in Dn and let In = kerµn. It is clear that R contains the following chain of
left ideals,
RI1 ⊆ RI2 ⊆ RI3 ⊆ . . .
We shall show that for every n ≥ 1, we have RIn 6= RIn+1. For the sake of
simplicity, we shall show that RI1 6= RI2.
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Since I1 ⊆ I2 and I2 is a left ideal of R2, we have R2I1 ⊆ I2. We start by
showing that R2I1 6= I2. The ring S = D2 ⊗D1 D
op
2 has a left R2-module structure
such that (a ⊗k b) · (x ⊗D1 y) = ax ⊗D1 yb, for all a, b, x, y ∈ D2. Consider the
homomorphism of left R2-modules ϕ : R2 → S such that ϕ(a ⊗k b) = a ⊗D1 b, for
all a, b ∈ D2. Given z ∈ D1, we have ϕ(1⊗k z− z⊗k 1) = 1⊗D1 z− z⊗D1 1 = 0. It
follows that R2I1 ⊆ kerϕ, for the set {1⊗k z − z ⊗k 1 : z ∈ D1} generates I1 as a
left R1-module and, hence, is a generating set for the left ideal R2I1 of R2. Suppose
that R2I1 = I2 and take x ∈ D2 \D1. Then 1 ⊗k x − x⊗k 1 ∈ I2 = R2I1 ⊆ kerϕ.
This implies
1⊗D1 x = ϕ(1 ⊗k x) = ϕ(x⊗k 1) = x⊗D1 1,
which is a contradiction with the choice of x. So R2I1 6= I2.
To prove that RI1 $ RI2, note that since D2 is a free D1-module, R2 is a free
right R1-module and, thus, it is a faithfully flat right R1-module. Similarly, R is a
faithfully flat right R2-module. We then have
RI1 = R⊗R2 (R2 ⊗R1 I1) = R⊗R2 R2I1 $ R ⊗R2 I2 = RI2,
which is what we had to prove. 
As a consequence we obtain the following necessary condition for a skew field to
contain a free field.
Theorem 2.2. Let D be a skew field and let k be a central subfield of D. If D
contains a free field k(〈x, y〉) then D ⊗k Dop cannot be a left noetherian ring.
Proof. If D contains the free field k(〈x, y〉) then, by [5, Corollary 5.5.9], D contains
a free field with a countable number of generators, say, k(〈x1, x2, . . .〉) ⊆ D. For
every n ≥ 1, letting Dn = k(〈x1, . . . , xn〉), we obtain an infinite strictly ascending
chain of subfields in D, D1 $ D2 $ . . . . By Lemma 2.1, D ⊗k Dop is not a left
noetherian ring. 
In [13], Makar-Limanov showed that the field of fractions of the first Weyl algebra
over a commutative field k of characteristic zero contains a noncommutative free
algebra over k and, consequently, it contains a field of fractions of the free algebra.
However, this field of fractions is not a free field, as the following consequence of
Theorem 2.2 shows.
Corollary 2.3. The field of fractions of the first Weyl algebra over a commutative
field does not contain a noncommutative free field (over any subfield).
Proof. Let A = k〈x, y : xy − yx = 1〉 be the first Weyl algebra over a field k of
characteristic zero, let D be its left classic field of fractions and let S = A⊗k Dop.
Then S is a Weyl algebra over the skew field Dop, that is, S ∼= Dop〈x, y : xy−yx =
1〉. Since A is a left Ore domain, T = (A \ {0})⊗k 1 is a left denominator subset
of S. Since S is left noetherian, because it is a Weyl algebra over a skew field,
T−1S ∼= D ⊗k Dop is also left noetherian. By Theorem 2.2, D does not contain a
free field over k. Therefore, D does not contain a free field over any central subfield,
by [1, Lemma 9]. Consequently, D does not contain a free field over any subfield,
by [3, Corollary pg. 114] and [5, Theorem 5.8.12]. 
Now consider a nonabelian torsion-free polycyclic-by-finite group G. We recall
that the group ring KG is a noetherian domain for every skew field K (cf. [15,
Proposition 1.6 and Corollary 37.11]). Let k be a commutative field and consider
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the group algebra kG. Let F denote the left classic field of fractions of kG and
consider the k-algebra R = kG ⊗k F op ∼= F opG. Proceeding in similar manner as
we did above it is possible to show that F ⊗k F op is a left noetherian ring. By
Theorem 2.2 we have the following result.
Corollary 2.4. The field of fractions of the group algebra of a nonabelian torsion-
free polycyclic-by-finite group over a commutative field does not contain a noncom-
mutative free field (over any subfield). 
Let H be a nonabelian torsion-free finitely generated nilpotent group and con-
sider the group algebra kH . Since H is polycyclic-by-finite then the group algebra
kH is a noetherian domain. We remark that, again, Makar-Limanov proved in [14]
that the field of fractions Q of kH contains a noncommutative free algebra over k.
By what we have just seen, the subfield of Q generated by this free algebra is not
a free field.
3. Free fields in Malcev-Neumann series ring
In this section we shall see that a ring of Malcev-Neumann series of a torsion-free
nilpotent group over a division ring contains a free field.
Let G be a finitely generated torsion-free nilpotent group. We follow [6] and
recall some facts about G. First, G has at least one central series
(1) G = F1 ⊇ F2 ⊇ F3 ⊇ · · · ⊇ Fr ⊇ Fr+1 = {1}
such that for all i = 1, . . . , r, Fi/Fi+1 is an infinite cyclic group. (Such a series
can be obtained as a refinement of the upper central series of G, for instance.) A
central series of G whose factors are infinite cyclic will be called an F-series. Let fi
be a representative in G of a generating element of Fi/Fi+1. It follows that every
element of G can be written uniquely in the form
(2) fα11 f
α2
2 . . . f
αr
r ,
with α1, α2, . . . , αr ∈ Z. Given subgroups X,Y of G the subgroup generated by
all commutators (x, y) with x ∈ X and y ∈ Y will be denoted by (X,Y ). So,
since (1) is a central series for G, we have (Fi, G) ⊆ Fi+1, for all i = 1, . . . , r,
and, hence (Fj , Fi) ⊆ Fj+1, whenever j ≥ i. Because Fj+1 is a finitely generated
torsion-free nilpotent group with F -series Fj+1 ⊇ Fj+2 ⊇ · · · ⊇ Fr ⊇ Fr+1 = {1},
given αi, αj ∈ Z, we have
f
αj
j f
αi
i = f
αi
i f
αj
j f
γj+1
j+1 f
γj+2
j+2 . . . f
γr
r ,
for some γj+1, . . . , γr ∈ Z. In particular, Fr = 〈fr〉 ⊆ Z(G), the centre of G.
Finally, G is an ordered group with the lexicographic ordering, that is,
fα11 f
α2
2 . . . f
αr
r < f
β1
1 f
β2
2 . . . f
βr
r
if and only if there exists some s for which
αs < βs, while αi = βi, for all i = 1, . . . , s− 1.
Assume that G is nonabelian, that the elements f1, . . . , fr in (2) have been
chosen and that the order in G is defined as above. Let K be a skew field and
consider the Malcev-Neumann skew series field K((G, σ)), where σ : G → Aut(K)
is a group homomorphism of G into the automorphism group Aut(K) of K. Recall
that K((G, σ)) is constituted by those formal series f =
∑
g∈G agg, with ag ∈ K,
whose support supp(f) = {g ∈ G : ag 6= 0} is a well-ordered subset of G. The
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product in K((G, σ)) is induced by the relations ga = σ(g)(a)g, for all g ∈ G
and a ∈ K. When σ is the trivial homomorphism, sending every element of G to
the identity map of K, we shall simplify the notation and write K((G)) for the
corresponding Malcev-Neumann skew field. The subring of K((G, σ)) of elements
of finite support is the usual skew group ring of G over K, henceforth denoted by
K(G, σ). When σ is trivial this subring is the usual group ring and is denoted by
KG. By [15, Corollary 37.11], K(G, σ) is an Ore domain with field of fractions
Q(K(G, σ)); so we have K(G, σ) ⊆ Q(K(G, σ)) ⊆ K((G, σ)).
We shall show that there exists a natural discrete valuation on K(G, σ) which
extends toK((G, σ)) turning this Malcev-Neumman skew field into a complete field.
This will eventually yield an embedding of a free field into it.
Since any element of G can be written uniquely in the form (2), an element x of
K(G, σ) can be written uniquely as a finite sum
x =
∑
I
aIf
α1
1 f
α2
2 . . . f
αr
r ,
where I = (α1, α2, . . . , αr) ∈ Zr and aI ∈ K.
Lemma 3.1. The map o : K(G, σ)→ Z ∪ {∞}, given by
o(x) = min{α1 : f
α1
1 f
α2
2 . . . f
αr
r ∈ supp(x) for some α2, . . . , αr ∈ Z},
if x 6= 0 and o(0) =∞, is a valuation function on K(G, σ).
Proof. Take nonzero elements x, y ∈ K(G, σ) with o(x) = α and o(y) = β, say
min supp(x) = fα1 f
α2
2 . . . f
αr
r and min supp(y) = f
β
1 f
β2
2 . . . f
βr
r , and suppose that
the coefficients of these elements of G occurring in x and y are a and b, respectively.
Then the element
g = (fα1 f
α2
2 . . . f
αr
r )(f
β
1 f
β2
2 . . . f
βr
r ) = f
α+β
1 f
α2+β2
2 f
γ3
3 . . . f
γr
r ,
for appropriate γ3, . . . , γr ∈ Z, occurs in xy with coefficient aσ(fα1 f
α2
2 . . . f
αr
r )(b) 6=
0. So g is the least element in supp(xy) and, hence, o(xy) = α + β. The other
conditions required for o to be a valuation are clearly satisfied. 
Denote by ν : Q(K(G, σ)) → Z ∪ {∞} the unique extension of o to a valuation
on Q(K(G, σ)).
Given a nonzero x =
∑
I aIf
α1
1 f
α2
2 . . . f
αr
r ∈ K((G, σ)), since supp(x) is well-
ordered, the integer min{α1 : f
α1
1 f
α2
2 . . . f
αr
r ∈ supp(x) for some α2, . . . , αr ∈ Z} is
well defined.
Lemma 3.2. The map νˆ : K((G, σ))→ Z ∪ {∞}, defined by
νˆ(x) = min{α1 : f
α1
1 f
α2
2 . . . f
αr
r ∈ supp(x) for some α2, . . . , αr ∈ Z},
if x 6= 0 and νˆ(0) = ∞, is a valuation function on K((G, σ)) which extends the
valuation ν on Q(K(G, σ)).
Proof. The same argument in the proof of Lemma 3.1 shows that νˆ is a valuation
function. By definition, νˆ|K(G,σ) = o, so νˆ|Q(K(G,σ)) = ν. 
The next step is to show thatK((G, σ)) is complete with respect to this valuation.
Lemma 3.3. The skew field of Malcev-Neumann series K((G, σ)) is complete with
respect to the valuation νˆ.
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Proof. Take a real constant c ∈ (0, 1) and consider the metric d inK((G, σ)) induced
by νˆ, that is, we set d(x, y) = cνˆ(x−y), for x, y ∈ K((G, σ)). Let (un)n∈N be a
Cauchy sequence in K((G, σ)), say
un =
∑
I=(α1,...,αr)
a
(n)
I f
α1
1 f
α2
2 . . . f
αr
r ,
where a
(n)
I ∈ K. For each k ∈ Z, choose nk ∈ N such that d(up, uq) < c
k, whenever
p, q ≥ nk, satisfying n0 < n1 < n2 < · · · < nk < . . . and consider the subsequence
(unk)k∈N of (un). Clearly, for every k ∈ Z, we have d(up, uq) < c
k if and only if
a
(p)
I = a
(q)
I , for all I = (α1, . . . , αr) with α1 ≤ k. So, if l ≥ k ≥ 0, then
a
(nk)
I = a
(n0)
I , for all I = (α1, . . . , αr) with α1 ≤ 0(3)
and
a
(nl)
I = a
(nk)
I , for all I = (α1, . . . , αr) with α1 ≤ k.(4)
We shall show that (unk) is convergent in K((G, σ)). Consider the element
(5) u =
∑
I=(α1,...,αr)
α1<0
a
(n0)
I f
α1
1 f
α2
2 . . . f
αr
r +
∑
I=(α1,...,αr)
α1≥0
a
(nα1)
I f
α1
1 f
α2
2 . . . f
αr
r .
Let us prove that u ∈ K((G, σ)), that is, that supp(u) is well-ordered. Let v denote
the first part of the sum in u (that is, the sum of all the terms with α1 < 0 in (5))
and w, the second. Because it is a subset of supp(un0), supp(v) is well-ordered.
As for w, let S be a nonempty subset of supp(w) and let α be the smallest integer
such that fα1 f
α2
2 . . . f
αr
r ∈ S for some choice of α2, . . . , αr ∈ Z. Such an α exists
because, by definition, if fα11 . . . f
αr
r ∈ supp(w), then, necessarily, α1 ≥ 0. Let T
be the set formed by all the elements of S which are of the form fα1 f
α2
2 . . . f
αr
r , for
some α2, . . . , αr ∈ Z. We have seen that T 6= ∅. Furthermore, by the definition of
w, we have T ⊆ supp(unα) and, therefore, T has a smallest element which is easily
seen to be the smallest element of S. It follows that supp(w) is well-ordered and,
therefore, u = v + w ∈ K((G, σ)).
Finally, we prove that (unk) converges to u. Given ǫ > 0 let t ∈ Z be such that
ct < ǫ. For every k ≥ t, we have
unk − u =
∑
I=(α1,...,αr)
α1<0
(a
(nk)
I − a
(n0)
I )f
α1
1 f
α2
2 . . . f
αr
r
+
∑
I=(α1,...,αr)
0≤α1≤k
(a
(nk)
I − a
(nα1)
I )f
α1
1 f
α2
2 . . . f
αr
r
+
∑
I=(α1,...,αr)
α1≥k+1
(a
(nk)
I − a
(nα1)
I )f
α1
1 f
α2
2 . . . f
αr
r
=
∑
I=(α1,...,αr)
α1≥k+1
(a
(nk)
I − a
(nα1)
I )f
α1
1 f
α2
2 . . . f
αr
r ,
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by (3) and (4). Thus, νˆ(unk − u) ≥ k + 1 > k and hence dˆ(unk , u) = c
νˆ(unk−u) <
ck < ǫ. Therefore, the subsequence (unk) of (un) converges to u. Hence (un) is
convergent. It follows that K((G, σ)) is complete. 
In order to prove the existence of a free field in K((G, σ)) using Theorem 1.2
we need to establish the infinite dimensionality of Q(K(G, σ)) over its centre. We
state a result that holds in a larger context.
Lemma 3.4. Let H be a nonabelian ordered group, let K be a skew field and let
τ : H → Aut(K) be a group homomorphism. Then any field of fractions of the skew
group ring K(H, τ) is infinite-dimensional over its centre.
Proof. Let F be a field of fractions of K(H, τ) and denote by π the prime subfield
of K. If F were finite-dimensional over its centre, then F and, therefore, the group
algebra πH would be PI-rings. By [1, Lemma 10], this would imply that G is an
abelian group. 
Theorem 3.5. Let K be a skew field, let G be a nonabelian finitely generated
torsion-free nilpotent group and let σ : G → Aut(K) be a group homomorphism.
If the centre Z of the classical field of fractions of the skew group ring K(G, σ) is
infinite then the skew field of Malcev-Neumman series K((G, σ)) contains a free
field Z(〈X〉) on a countable set X.
Proof. Let Q denote the classical field of fractions of K(G, σ). Since by Lemma 3.4
Q is infinite-dimensional over its centre Z, it follows from Theorem 1.2 that the
completion Q̂ of Q with respect to the topology defined by the discrete valua-
tion extending the valuation o of K(G, σ) defined in Lemma 3.1 contains a free
field Z(〈X〉) on a countable set X . As a consequence of Lemma 3.2, the natural
monomorphism Q →֒ K((G, σ)) is an isometric embedding. Since, by Lemma 3.3,
K((G, σ)) is a complete metric space, the closure of Q in K((G, σ)) coincides with
Q̂. It thus follows that K((G, σ)) contains Z(〈X〉). 
If σ is trivial, then the centre Z of Q is necessarily infinite, because, using the
notation in the first paragraph of this section, the infinite cyclic group Fr is a
subgroup of the centre Z(G) of G. Therefore, Fr ⊆ Z(G) ⊆ Z(KG) ⊆ Z. This
proves the next result.
Corollary 3.6. Let K be a skew field and let G be a nonabelian finitely generated
torsion-free nilpotent group. Then the skew field of Malcev-Neumman series K((G))
contains a free field Z(〈X〉) over the centre Z of the classical field of fractions of
the group ring KG on a countable set X. 
4. Skew Laurent series
In this section we show that a large class of division rings, namely fields of frac-
tions of skew polynomial rings over skew fields, are endowed with natural valuations
whose completions contain free fields. In particular, it will be shown that the Weyl
field can be embedded in a complete skew field containing a free field. Similar
methods will be applied to deal with fields generated by quantum matrices.
Let A be a ring, let σ be an endomorphism of A and let δ be a (right) σ-derivation
of A, that is, δ : A→ A is an additive map satisfying
δ(ab) = δ(a)σ(b) + aδ(b),
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for all a, b ∈ A. The skew polynomial ring in x over A, hereafter denoted by
A[x;σ, δ], is the free right A-module on the nonnegative powers of x with multipli-
cation induced by
ax = xσ(a) + δ(a),
for all a ∈ A. If A is a skew field then A[x;σ, δ] is a principal right ideal domain and
its field of fractions will be denoted by A(x;σ, δ). When A is a right Ore domain
with field of fractions Q(A) and σ is injective, σ and δ can be extended to Q(A)
and we can consider the skew polynomial ring Q(A)[x;σ, δ]. In this case we have
A[x;σ, δ] ⊆ Q(A)[x;σ, δ] ⊆ Q(A)(x;σ, δ)
and so A[x;σ, δ] is a right Ore domain with field of fractions Q(A)(x;σ, δ).
For an arbitrary endomorphism σ of the skew field K a further construction
will be considered. The ring of skew power series K[[x;σ]] is defined to be the set
of power series on x of the form
∑∞
i=0 x
iai, with ai ∈ K, where addition is done
coefficientwise and multiplication is given by the rule ax = xσ(a), for a ∈ K. When
σ is an automorphism, we can embed K[[x;σ]] into the ring of skew Laurent series
K((x;σ)) whose elements are series
∑∞
−r x
iai, with r a nonnegative integer. In
K((x;σ)), multiplication satisfies axn = xnσn(a), for every integer n and a ∈ K.
It is well known that K((x;σ)) is a skew field containing K(x;σ).
As mentioned in [5, Section 2.3], when δ 6= 0 we must look at a more general
construction. Given an automorphism σ of a skew field K and a σ-derivation δ
on K, denote by R the ring of all power series
∑∞
i=0 aiy
i on y with multiplication
induced by ya =
∑∞
i=0 σδ
i(a)yi+1, for a ∈ K. In [5, Theorem 2.3.1] it is shown that
R is a domain and S = {1, y, y2, . . . } is a left Ore set in R whose localization S−1R is
a skew field, consisting of all skew Laurent series
∑∞
i=r aiy
i, with r ∈ Z. Because in
S−1R we have ya = σ(a)y+yδ(a)y, for all a ∈ K, it follows that ay−1 = y−1σ(a)+
δ(a). Hence, the subring generated by y−1 in S−1R is an ordinary skew polynomial
ring on y−1. Because of that we shall adopt the notation R = K[[x−1;σ, δ]] and
S−1R = K((x−1;σ, δ)). So we have an embedding K[x;σ, δ] ⊆ K((x−1;σ, δ)),
sending x to y−1 and, hence, K(x;σ, δ) ⊆ K((x−1;σ, δ)). It is also clear that
K((x−1;σ, δ)) = K[[x−1;σ, δ]] +K[x;σ, δ].
We now define a valuation function on K((x−1;σ, δ)).
Lemma 4.1. Let K be a skew field with an automorphism σ and a σ-derivation δ.
Then the map ω : K((x−1;σ, δ)→ Z ∪ {∞} defined by
ω(f) = sup{n : f ∈ K[[x−1;σ, δ]]yn},
is a valuation on K((x−1;σ, δ)).
Proof. The only nonobvious fact to be proved is that if f and g are nonzero elements
of K((x−1;σ, δ)), then ω(fg) = ω(f) + ω(g). This follows from the fact that, since
σ is invertible, it is possible to write, for every integer n and a ∈ K, yna =
σn(a)yn + hyn+1, for some h ∈ K[[x−1;σ, δ]]. 
The field K(x;σ, δ) has a valuation “at infinity” ν which extends the valuation
− deg on K[x;σ, δ], where deg denotes the usual degree function on K[x;σ, δ], that
is, deg(
∑
xiai) = max{i : ai 6= 0}. Clearly, ω|K(x;σ,δ) = ν. The following lemma
shows that K((x−1;σ, δ)) is the completion of K(x;σ, δ).
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Lemma 4.2. Let K be a skew field with an automorphism σ and a σ-derivation
δ. With respect to the valuation ν defined above, K((x−1;σ, δ)) is the completion
of K(x;σ, δ).
Proof. That K(x;σ, δ) is dense in K((x−1;σ, δ)) follows from the fact that every
Laurent series
∑∞
i=n aiy
i in K((x−1;σ, δ)) is the limit of its partial sums, which
are elements in K(x;σ, δ). It remains to prove that K((x−1;σ, δ)) is complete. Let
(un) be a Cauchy sequence in K((x
−1;σ, δ)), say
un =
∑
i≥mn
a
(n)
i y
i,
with a
(n)
i ∈ K and mn ∈ Z. We proceed as in the proof of Lemma 3.3. For each
k ∈ Z choose nonnegative integers nk ∈ N satisfying n0 < n1 < n2 < . . . such that
ω(up − uq) > k, for all p, q ≥ nk. Consider the following element of K((x−1;σ, δ)),
u =
∑
i<0
a
(n0)
i y
i +
∑
i≥0
a
(ni)
i y
i.
We shall prove that (un) converges to u. Indeed, for all k, ω(unk − u) ≥ k + 1
and, hence, the subsequence (unk) of (un) converges to u. Since (un) is a Cauchy
sequence, (un) converges to u. It follows that K((x
−1;σ, δ)) is complete. 
In the case that δ = 0, K(x;σ) has an x-adic valuation η, defined by η(fg−1) =
o(f) − o(g), for all f, g ∈ K[x;σ], g 6= 0, where o(
∑
xiai) = min{i : ai 6= 0}
is the order function on K[x;σ], which is a valuation. Denote by ζ the integer
valued function on K((x;σ)) defined by ζ(h) = sup{n : h ∈ xnK[[x;σ]]}, for all
h ∈ K((x;σ)), h 6= 0. It is easy to see that ζ is a valuation on K((x;σ)) which
coincides with η on K(x;σ). With a proof similar to the one of Lemma 4.2 it can
be shown that K((x;σ)) is the completion of K(x;σ) with respect to η.
Our next aim is to guarantee the existence of free fields in completions of skew
rational function fields. For that, we recall the following definition. An automor-
phism σ in a ring is said to have inner order r if σr is the least positive power of
σ which is inner. If σr it is not inner for any r > 0, then σ is said to have infinite
inner order. We shall need the following result.
Lemma 4.3 ([5, Theorem 2.2.10]). Let K be a skew field with centre C, let σ be
an automorphism of D and let δ be a σ-derivation. If K[x;σ, δ] is simple or σ has
infinite inner order, then Z(K(x;σ, δ)) = {c ∈ C : σ(c) = c and δ(c) = 0}. 
We have the following result.
Theorem 4.4. Let K be a skew field with centre C, let σ be an automorphism of
K and let δ be a σ-derivation of K. Suppose that K[x;σ, δ] is simple or that σ has
infinite inner order. If δ 6= 0, let R = K((x−1;σ, δ)), otherwise, let R = K((x;σ)).
If the field C0 = {c ∈ C : σ(c) = c and δ(c) = 0} is infinite, then R contains a free
field C0(〈X〉) on a countable set X.
Proof. Since, by Lemma 4.3, Z(K(x;σ, δ)) = C0 and {xi : i ∈ Z} is linearly
independent over C0, because it is over K, it follows that K(x;σ, δ) is infinite
dimensional over its infinite centre C0. By Theorem 1.2, R contains a free field on
a countable set over C0, for, as we have seen above, it is the completion ofK(x;σ, δ)
with respect to appropriate discrete valuations. 
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We remark that the case δ = 0 in the above theorem had already been considered
in [1, Theorem 4] for a commutative field K of coefficients.
An example of a skew polynomial ring with a nonzero derivation is the first Weyl
algebra over a skew field K,
A1(K) = K〈x1, x2 : x1x2 − x2x1 = 1〉 = K[x1]
[
x2; I,
d
dx1
]
,
where I above stands for the identity automorphism of K[x1]. It is well known that
A1(K) is an Ore domain with field of fractions Q1(A) = K(x1)(x2; I,
d
dx1
), called
the Weyl field.
Corollary 4.5. Let K be a skew field with centre C. If charK = 0 then the field
of skew Laurent series K(x1)((x
−1
2 ; I,
d
dx1
)) contains a free field C(〈X〉), where X
is a countable set.
Proof. Let B = K(x1)[x2; I,
d
dx
]. Then A1(K) ⊆ B ⊆ K(x1)(x2; I,
d
dx1
) and
Q(B) = Q1(A) = K(x1)(x2; I,
d
dx1
). Clearly, d
dx1
is not an inner derivation. It
follows from [8, Corollary 3.16] that B is a simple ring. Since charK = 0, we have
Z(K(x1))0 = {f ∈ Z(K(x1)) :
d
dx1
(f) = 0} = C(x1)0 = C, an infinite field. By
Theorem 4.4, the field of skew Laurent series K(x1)((x
−1
2 ; I,
d
dx1
)) contains a free
field on a countable set over C. 
Our next example is a division ring generated by quantum matrices. Let k be
a commutative field and let q ∈ k be a nonzero element. The algebra Mq(2) of
quantum 2 × 2 matrices over k is defined to be the k-algebra with four generators
a, b, c, d subjected to the following relations:
ab = qba, ac = qca, bc = cb,
bd = qdb, cd = qdc, ad− da = (q − q−1)cb.
It can also be regarded as an iterated skew polynomial ring k[a][b;σb][c;σc][d;σd, δd],
where σb, σc and σd are the k-automorphisms satisfying
σb(a) = qa,
σc(b) = b, σc(a) = qa,
σd(c) = qc, σd(b) = qb, σd(a) = a,
and δd is the σd-derivation such that
δd(a) = (q − q
−1)cb, δd(b) = 0, δd(c) = 0.
(See, for instance, [7].) It follows that Mq(2) is a noetherian domain with field
of fractions Qq(2). For simplicity we shall write Ra = k[a], Rb = Ra[b;σb], Rc =
Rb[c;σc]. The fact that the field of fractions Qq(2) ofMq(2) = Rc[d;σd, δd] contains
a free algebra follows from the following theorem.
Theorem 4.6 ([12, Theorem]). Let K = k(t) be the field of rational functions over
a commutative field k and let σ a k-automorphism of K of infinite order. Then
K(x;σ) contains a noncommutative free k-subalgebra. 
Corollary 4.7. Let k be a commutative field and let q ∈ k×. If q is not a root
of 1, then the field of fractions of the k-algebra of 2 × 2 quantum matrices con-
tains a noncommutative free algebra over k and can be embedded in a division ring
containing a noncommutative free field.
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Proof. We adhere to the notation above and let Qq(2) denote the field of fractions
of Mq(2). Since q is not a root of 1, the extension of σb to k(a) is an automorphism
of infinite order. By Theorem 4.6, Q(Rb) = k(a)(b;σb) contains a noncommutative
free k-subalgebra. Since Q(Rb) is a subfield of Qq(2), it follows that Qq(2) contains
a noncommutative free k-subalgebra and has infinite dimension over its centre Z,
which is infinite because q is not a root of 1. The completion ofQq(2) with respect to
the valuation sending d to −1 is the field of skew Laurent seriesQ(Rc)((d−1;σd, δd)),
which, by Theorem 1.2, contains a free field Z(〈X〉) on a countable set X . 
An application of Theorem 4.4 with a nonidentity automorphism is the following.
Let k be a commutative field and let λ be a nonzero element in k. Let Bλ be the
k-algebra generated by two elements x, y, together with their inverses x−1, y−1,
subjected to the relation xy = λyx. This algebra has been considered by Lorenz in
[11]. It can be viewed as a factor Bλ = kG/〈(a, b)− λ〉 of the group algebra kG,
where G = 〈a, b : (a, (a, b)) = (b, (a, b)) = 1〉 is the free nilpotent group of class 2 on
2 generators, or as the localization of an Ore extension, Bλ = k[x, x
−1][y, y−1;σ],
where σ is the k-automorphism of k[x] given by σ(x) = λx. It follows from this last
characterization that k[x][y;σ] ⊆ Bλ ⊆ k(x)(y;σ) and hence Bλ is an Ore domain
with field of fractions Qλ = k(x)(y;σ). If λ is not a root of unity then σ has infinite
order and, by Lemma 4.3, Z(Qλ) = {r ∈ k(x) : σ(r) = r} = k, which is an infinite
field. Moreover, in this case, Qλ is known to contain a noncommutative free k-
algebra. It follows that it is infinite dimensional over its centre. The order function
o on k[x][y;σ] such that o(y) = 1 is a valuation. It extends to a valuation on Bλ
and, consequently, to one on Qλ. So, Theorem 4.4 implies that with respect to this
valuation the completion Q̂λ = k(x)((y;σ)) contains a free field k(〈X〉), where X
is a countable set. This example should be compared with the case considered in
the Section 3, where it was proved that the classic field of fractions of kG, for that
same group G, has a valuation with a completion containing a free field.
5. A class of rings with t-adic valuation
Let R be a ring with a regular central element t such that
⋂
tnR = 0 and R/tR
is right Ore. In [9], Lichtman proved that R can be embedded in a division ring D.
We will show that in some cases such a division ring D contains a free field. As a
consequence we show that a free field can be embedded in the completion of a field
of fractions of the universal enveloping algebra of a Lie algebra in characteristic
zero.
We start by stating the main result of [9].
Theorem 5.1 ([9, Theorem 1]). Let R be a ring and let t be a regular central
element of R. Assume that
⋂
tnR = 0 and that R/tR is a right Ore domain. Then
R can be embedded in a division ring D, the t-adic valuation νt of R is extended
to a valuation ν of D and the subset R(R∗)−1 is dense in D. Moreover, if S is
the valuation ring of ν, then S/tS is isomorphic to ∆, the field of fractions of
R/tR. 
In its proof it is shown that t is a central element of D, that S is a local ring with
maximal ideal tS and that tS defines a t-adic valuation in S which extends νt and
coincides with the restriction of ν to S. Moreover, D is defined as the localization
ST−1, where T = {1, t, t2, . . . }, and it is shown to have the property that all of its
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elements have a unique representation of the form
∞∑
i=r
dit
i,
where the r is an integer and the di belong to a system of coset representatives of
S/tS in S. It follows that D is complete with respect to the valuation ν.
Theorem 5.2. Under the hypothesis of Theorem 5.1, if ∆ is infinite-dimensional
over Z(∆), then D contains a free field Z(D)(〈X〉), where X is a countable set.
Proof. We shall prove that under the given hypothesis D is infinite-dimensional
over Z(D). Suppose that [D : Z(D)] = n < ∞. It will be shown that this implies
that [∆ : Z(∆)] is also finite and [∆ : Z(∆)] ≤ n. Let δ1, . . . , δn+1 be a sequence of
n+1 elements in ∆ = S/tS and choose s1, . . . , sn+1 ∈ S such that δi = si = si+tS,
for all i = 1, . . . , n+1. Since [D : Z(D)] = n, the elements s1, . . . , sn+1 are linearly
dependent over Z(D). We can suppose, then, that there exist nonzero elements
z1, . . . , zm ∈ Z(D) such that z1s1 + · · ·+ zmsm = 0, for some m ≤ n+ 1. For each
j = 1, . . . ,m, let rj = ν(zj). Then ν(zjt
−rj ) = ν(zj) − rjν(t) = ν(zj) − rj = 0.
So, letting uj = zjt
−rj , we get zj = ujt
rj , for j = 1, . . . ,m, with uj ∈ S \ tS. Our
dependence relation now reads
(6) u1s1t
r1 + · · ·+ umsmt
rm = 0.
Let r = min{rj : j = 1, . . . ,m} and suppose, without lost of generality, that r = r1.
Then rj − r ≥ 0 and hence trj−r ∈ R ⊆ S, for all 1 ≤ j ≤ m. Multiplying (6)
by t−r yields the following relation in S, u1s1 + u2s2t
r2−r + · · ·+ umsmtrm−r = 0.
Thus, in the quotient ∆ = S/tS, we have
u1δ1 + u2tr2−rδ2 + · · ·+ umtrm−rδm = 0.
Now since the zj and t are central, uj ∈ S ∩ Z(D) ⊆ Z(S). As we have seen
above u1 ∈ S \ tS. So we have a nontrivial dependence relation among the δj
with coefficients in Z(∆). It follows that [∆ : Z(∆)] ≤ n. We conclude that D is
infinite-dimensional over Z(D). Moreover, since t is not invertible in R, the set T
of powers of t is infinite and, therefore, the centre Z(D) of D is infinite. Finally,
since ν is a discrete valuation and D is complete with respect to it, D contains a
free field Z(D)(〈X〉), where X is a countable set, by Theorem 1.2. 
An important special case of Theorem 5.1 is provided by universal enveloping
algebras of Lie algebras. We follow [9, Section 2.2]: let L be a Lie algebra over a
commutative field k and let U(L) be its universal enveloping algebra. It is known
that U(L) has a filtration
0 ⊆ U0 ⊆ U1 ⊆ · · · ⊆ Ui ⊆ . . . ,
where U0 = k, Ui = k + L + L
2 + · · · + Li and Li is the subspace generated by
all products of i elements of L. By [5, Proposition 2.6.1], this filtration defines a
valuation ν on U(L), called the canonical valuation. [9, Theorem 2] then asserts
that U(L) can be embedded in a skew field D, which is complete in the topology
defined by the canonical valuation. (This result had been originally obtained by
Cohn in [2] with a different proof.) Let D(L) be the subfield of D generated by
U(L). Since D is complete, the closure D(L) of the subspace D(L) of the metric
space D is complete, and hence, D(L) is the completion of D(L).
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Lichtman also proved in [10] that, if chark = 0, then any skew field that contains
U(L) contains a free k-algebra of rank 2 and, therefore, must have infinite dimension
over its centre. So we have the following consequence of Theorem 1.2.
Theorem 5.3. Let L be a nonabelian Lie algebra over a commutative field of
characteristic zero and let U(L) be its universal enveloping algebra. In the notation
above, both D and D(L) contain a free field Z(D(L))(〈X〉) on a countable set
X. 
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